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Abstract
In this paper, we investigate extinction properties of the solutions for the initial
Dirichlet boundary value problem of a porous medium equation with nonlocal
source and strong absorption terms. We obtain some suﬃcient conditions for the
extinction of nonnegative nontrivial weak solutions and the corresponding decay
estimates which depend on the initial data, coeﬃcients, and domains.
1 Introduction
We consider the initial Dirichlet boundary value problem for a class of porous medium
equations with nonlocal source and strong absorption terms
ut = dum + λ
∫

uq(x, t)dx – βuk , x ∈, t > , ()
u(x, t) = , x ∈ ∂, t > , ()
u(x, ) = u(x), x ∈, ()
where  <m,k < , d,λ,β ,q > ,⊂ RN (N ≥ ) is a bounded domainwith smooth bound-
ary, and u(x) ∈ L∞()∩W , () is a nonnegative function. The symbols ‖ · ‖p and ‖ · ‖,p,
where p≥ , denote Lp()- andW ,p()-norm, respectively, and || denotes the measure
of .
Equation () describes the fast diﬀusion of concentration of some Newtonian ﬂuids
through a porous medium or the density of some biological species in many physical
phenomena and biological species theories, while nonlocal source and absorption terms
cooperate and interact with each other during the diﬀusion. It has been known that the
nonlocal source term presents a more realistic model for population dynamics; see [–].
In the nonlinear diﬀusion theory, obvious diﬀerences exist among the situations of slow
(m > ), fast ( <m < ), and linear (m = ) diﬀusions. For example, there is a ﬁnite speed
propagation in the slow and linear diﬀusion situations, whereas an inﬁnite speed propa-
gation exists in the fast diﬀusion situation.
Recently, many scholars have been devoted to the study of blow-up and extinction prop-
erties of solutions for nonlinear parabolic equations with nonlocal terms. The blow-up
rates and blow-up sets of solutions to equation () have been investigated when d = λ = ,
© 2013 Xu et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
Xu et al. Boundary Value Problems 2013, 2013:24 Page 2 of 13
http://www.boundaryvalueproblems.com/content/2013/1/24
m≥ , and the linear absorption term is replaced with a nonlinear term with exponent (cf.
[–]). Extinction is the phenomenonwhereby there exists a ﬁnite timeT >  such that the
solution is nontrivial for  < t < T and then u(x, t) ≡  for all (x, t) ∈× [T , +∞). In this
case, T is called the extinction time. It is also an important property of solutions for non-
linear parabolic equations which have been studied by many researchers. For instance,
Evans and Knerr [] investigated the extinction behaviors of solutions for the Cauchy
problem of the semilinear parabolic equation




, x ∈ Rn, t > ,
by constructing a suitable comparison function. Ferreira and Vazquez [] studied the ex-
tinction phenomena of solutions for the Cauchy problem of the porous medium equation






p, x ∈ R, t > ,
by using the analysis of self-similar solutions. Li and Wu [] considered the problem of
the porous medium equation with a source term
ut =um + λup, x ∈, t > , ()
subject to () and (). They obtained some conditions for the extinction and non-
extinction of solutions to equation () and decay estimates by the upper and lower so-
lutions method. On extinctions of solutions to the p-Laplacian equations or the doubly
degenerate equations, we refer readers to [, ] and the references therein.
Replacing the nonlocal term in equation () with a local term, Liu [] et al. considered
the initial Dirichlet boundary value problem for a class of porous medium equations
ut =um + uq – βu, x ∈, t > ,
and obtained suﬃcient conditions for the extinction and non-extinction of solutions to
that equation. Thereafter, Fang and Li [] extended their results to the doubly degenerate
equation in the whole dimensional space.
For equation () with β = , q > , and N > , Han and Gao [] showed that q =m is the
critical exponent for the occurrence of extinction or non-extinction. When m = , q > ,
and N > , the conditions for the extinction and non-extinction of solutions and corre-
sponding decay estimates were obtained (cf. []). Recently, Fang and Xu [] considered
equation () with k = , when the diﬀusion term was replaced with a p-Laplacian opera-
tor in the whole dimensional space, and showed that the extinction of the weak solution
is determined by the competition of two nonlinear terms. They also obtained the expo-
nential decay estimates which depend on the initial data, coeﬃcients, and domains. The
extinctions of solutions to equation () with nonlocal source terms do not depend on the
ﬁrst eigenvalue of the corresponding operator, which is diﬀerent from the case of local
source terms. The extinction and decay estimates for solutions to the nonlocal fast diﬀu-
sion equations with nonzero coeﬃcients and strong absorption terms, like equation (),
are still being investigated.
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Motivated by the above works, we investigate whether the existence of strong absorp-
tion can change extinction behaviors for solutions to problem ()-() in the whole dimen-
sional space. The main tools we use are the integral estimate method and the Gagliardo-
Nirenberg inequality. This technique has a wide application, especially for equations that
do not satisfy the maximum principle (cf. []). Our goals are to show that the extinction
of nonnegative nontrivial weak solutions to problem ()-() occurs when  < k ≤ q <  and
to ﬁnd the decay estimates depending on the initial data, coeﬃcients, and domains.
Our paper is organized as follows. In Section , we give preliminary knowledge including
lemmas that are required in the proofs of our results and present the proofs for the results
in Section .
2 Preliminary knowledge
Due to the singularity of equation (), problem ()-() has no classical solutions in general.
To state the deﬁnition of the weak solution, we let QT = × (,T) and ﬁrstly deﬁne the
class of nonnegative testing functions
F =
{
ξ : ξ ∈ C(QT )∩C,(QT ), ξt ,ξ ∈ L(QT ); ξ ≥ , ξ |∂×(,T) = 
}
.
Deﬁnition  A function u ∈ L∞(QT ) is called a weak subsolution (supersolution) of prob-
lem ()-() in QT if the following conditions hold:
a. u(x, )≤ (≥)u(x) in ;
b. u(x, t)≤ (≥)  on ∂× (,T);
c. For every t ∈ (,T) and every ξ ∈ F ,
∫

u(x, t)ξ (x, t)dx ≤
∫











uq(y, s)dyξ (x, s) – βuk(x, s)ξ (x, s)
}
dxds.
A function u is called a locally weak solution of problem ()-() if it is both a subsolution
and a supersolution for some T > .
Remark  The existence and uniqueness of locally nonnegative solutions in time to prob-
lem ()-() can be obtained by the standard parabolic regular theory that can be applied to
get suitable estimates in the standard limiting process (cf. [, , ]). The proof is similar
to the ones in the cited references, and so it is omitted here.
Lemma  Let k, α be positive constants and k < . If y(t) is a nonnegative absolutely con-
tinuous function on [, +∞) satisfying the problem
dy
dt + αy
k ≤ , t ≥ ; y()≥ ,
then we have the decay estimate
y(t)≤ [y–k() – α( – k)t] –k , t ∈ [,T∗),
y(t) = , t ∈ [T∗, +∞),
where T∗ = y
–k ()
α(–k) .
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Proof By solving the initial problem
dy
dt + αy
k = , t > ; y|t= = y(),
and using the comparison principle, one can easily obtain the result. 
Lemma  (The Gagliardo-Nirenberg inequality) [] Suppose that u ∈Wk,m (), ≤m≤
+∞, ≤ j < k, and ≥ r ≥ m – kN .We then have the inequality
∥∥Dju∥∥q ≤ C
∥∥Dku∥∥θm‖u‖–θr ,









θ ∈ [, ).While if m < Nk–j , then q ∈ [ NrN+rj , NmN–(k–j)m ], and if m≥ Nk–j , then q ∈ [ NrN+rj , +∞].
3 Main results
In this section, we give some extinction properties of nonnegative nontrivial weak solu-
tions of problem ()-() stated in the following theorems. The corresponding decay esti-
mates to the solutions will be presented in the proofs of the theorems for brief expressions
instead of in the statements.
Theorem  Suppose that  < k <  and  < m = q < . Then the nonnegative nontrivial
weak solution of problem ()-() vanishes in ﬁnite time for any nonnegative initial data
provided that either || or λ is suﬃciently small.
Proof We ﬁrst consider the case that N =  or . Multiplying both sides of () by u and






















udx≤ || s––ms ‖u‖m+s .









∥∥∇um+ ∥∥ + β‖u‖k+k+ ≤ λ|| –m ‖u‖m+ , ()
from the two expressions above. By using the Sobolev embedding inequality, one can show
that there exists an embedding constant γ (N ,) >  such that





≤ γ (N ,)∥∥∇um+ ∥∥.
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In particular, if s = m+ , then the inequality above turns out to be
γ (N ,)–‖u‖m+ ≤
∥∥∇um+ ∥∥. ()








(m + ) – λ||
–m
 γ (N ,)
]∥∥∇um+ ∥∥ + β‖u‖k+k+ ≤ . ()
By Lemma , we get the inequality
‖u‖ ≤ C(N ,m,k)‖u‖–θk+
∥∥∇um+ ∥∥ θm+ , ()














[(k+)+N(m–k)] . Since N =  or , and  < k < ,
it can be easily seen that  < θ < .
It then follows from () and Young’s inequality that
‖u‖k ≤ C(N ,m,k)k‖u‖k(–θ)k+
∥∥∇um+ ∥∥ kθm+






where k >  and η >  will be determined later. If we choose
k =
(k + )(m + )
( – θ)(m + ) + θ(k + )
= (k + ) + N(m – k) +N(m – k) ,






∥∥∇um+ ∥∥ + β‖u‖k+k+. ()








(m + ) – λ||
–m






Here, we can choose η and λ or || small enough so that
md
(m + ) – λ||
–m
 γ (N ,) – ηβC(η)
≥ .
Setting C = C(N ,m,k)
–kβ
C(η) , we have
d
dt‖u‖ +C‖u‖k– ≤ .
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By Lemma , we then obtain
‖u‖ ≤
[‖u‖–k –C( – k)t] –k , t ∈ [,T),
‖u‖ = , t ∈ [T, +∞),
where T = ‖u‖
–k

C(–k) , which give the decay estimates in ﬁnite time for N =  or .
Secondly, we consider the case that N > . If N–N+ ≤ m < , multiplying both sides of ()


































∥∥∇um+s ∥∥ + β‖u‖k+sk+s ≤ λ|| s–m+s+ ‖u‖m+ss+ ()
by the two expressions above. By the Sobolev embedding inequality, one can see that there



























]∥∥∇um+s ∥∥ + β‖u‖k+sk+s ≤ . ()
By Lemma , we can also have
‖u‖s+ ≤ C(N ,k, s)‖u‖–θk+s
∥∥∇um+s ∥∥ θm+s , ()
















N+ ≤ m <  and
 < k < , one can easily see that  < θ < . Then it follows from () and Young’s inequality
that
‖u‖ks+ ≤ C(N ,k, s)k‖u‖k(–θ)k+s
∥∥∇um+s ∥∥ kθm+s
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where k >  and η >  will be determined later. If we choose
k =
(k + s)(m + s)
( – θ)(m + s) + θ(k + s)
= (s + )(k + s) +N(s + )(m – k)(s + ) +N(m – k) ,






∥∥∇um+s ∥∥ + β‖u‖k+sk+s ()


















Here, we can choose η and λ or || small enough so that msd(m+s) – λC||+

N – ηβC(η) ≥ .
Setting C = C(N ,k,s)
–kβ
C(η) , we have
d
dt‖u‖s+ + C‖u‖k–ss+ ≤  from the inequality above. By
Lemma , we obtain that
‖u‖s+ ≤
[‖u‖s+–ks+ –C(s +  – k)t] s+–k , t ∈ [,T),
‖u‖s+ = , t ∈ [T, +∞),
where T = ‖u‖
s+–k
s+
C(s+–k) , which give the decay estimates in ﬁnite time for N >  such that
N–
N+ ≤m < .









by multiplying both sides of () by us (s > N(–m) – ) and integrating the result over, and
the Sobolev embedding inequality. By using the inequality above and a similar argument






(s +  – k)t
] 
s+–k , t ∈ (,T∗ ),
‖u‖s+ = , t ∈ [T∗ , +∞),
provided that
msd
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Theorem  If  < k < , then the nonnegative nontrivial weak solution of problem ()-()
vanishes in ﬁnite time provided that u, || or λ is suﬃciently small, and q > k(s+)+N(m–k)(s+)+N(m–k) ,
where if N =  or , then s = , and if N > , then s >m.
Proof Assume that q ≤ . If N =  or , multiplying both sides of () by u and integrating
























(m + ) –
ηβ
C(η)




≤ λ|| –q ‖u‖q+ .
Choosing η small enough so that md(m+) –
ηβ
C(η) ≥ , we obtain the inequality
d





– λ|| –q ‖u‖q–k+
]
≤ .












q > k –  =
k +N(m – k)
 +N(m – k) ,




 ‖u‖q–k+ > , from which and a similar argument as the
one used in the proof of Theorem , the following decay estimates can be obtained:
‖u‖ ≤
[‖u‖–k –C( – k)t] –k , t ∈ [,T),
‖u‖ = , t ∈ [T, +∞),




If N >  and  < m < , multiplying both sides of () by us (s > m) and integrating the
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Choosing η small enough so that msd(m+s) –
ηβ
C(η) ≥ , we have
d





– λ|| s–q+s+ ‖u‖q–k+ss+
]
≤ .












q > k – s =
k(s + ) +N(m – k)
(s + ) +N(m – k) ,




s+ ‖u‖q–k+ss+ > , which yields the following decay esti-
mates:
‖u‖s+ ≤
[‖u‖s+–ks+ –C(s +  – k)t] s+–k , t ∈ [,T),
‖u‖s+ = , t ∈ [T, +∞),




Since s >m, we have (s + ) > m + , and hence, if k ≥m, then q > k – s≥m.
Assume that q > . If λ is the ﬁrst eigenvalue of the boundary problem
–ψ(x) = λψ(x), x ∈; ψ(x) = , x ∈ ∂,
and ϕ(x)≥ , ‖ϕ‖∞ = , is an eigenfunction corresponding to the eigenvalue λ, then for
suﬃciently small a > , it can be easily shown that aϕ

m
 (x) is an upper solution of problem
()-() provided that u(x)≤ aϕ

m
 (x), x ∈. We then have u(x, t)≤ aϕ(x) for t >  by the
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(s +  – k)t
] 
s+–k , t ∈ (,T∗ ),
‖u‖s+ = , t ∈ [T∗ , +∞),
provided that
msd









Remark  Since the Sobolev embedding inequality cannot be used in the proof of The-
orem , it is not necessary to consider the cases that N–N+ ≤ m <  and  <m < N–N+ , when
N > . In addition, if k ≥m, the conditions in Theorem  imply that q >m.
Theorem  Suppose that  < k <  and m > q ≥ k. Then the nonnegative nontrivial weak
solution of problem ()-() vanishes in ﬁnite time for any nonnegative initial data provided
that β is suﬃciently large.
Proof We ﬁrst consider the case that N =  or . Multiplying both sides of () by u and

















By Lemma , we have the inequality
‖u‖q+ ≤ C(N ,k,q)‖u‖–θk+
∥∥∇um+ ∥∥ θm+ , ()














(q+)[(k+)+N(m–k)] ∈ [, ). Since q < m, we
havem +  – (q + )θ > . It then follows from () and Young’s inequality that
λ||‖u‖q+q+ ≤ λ||C(N ,k,q)q+‖u‖(q+)(–θ)k+
∥∥∇um+ ∥∥ (q+)θm+














(m + ) – ηλ||C(N ,k,q)
q+
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by () and the inequality above, where α = (q+)(–θ)(m+)m+–(q+)θ – (k + ) =
(q–k)(k+)
(k+)+N(m–q) ≥ . We
can choose η small enough so that C = md(m+) – ηλ||C(N ,k,q)q+ > . Once η is ﬁxed,
we may choose β large enough so that
β –C(η)λ||C(N ,k,q)q+‖u‖αk+ ≥ .





from which the following decay estimates can be obtained by a similar argument as the
one used in the proof of Theorem :
‖u‖ ≤
[‖u‖–m –C( –m)t] –m , t ∈ [,T),
‖u‖ = , t ∈ [T, +∞),




Secondly, we consider the case that N > . If N–N+ ≤ m < , multiplying both sides of ()
















By Lemma , it can be shown that
‖u‖q+s ≤ C(N ,k,q, s)‖u‖–θk+s
∥∥∇um+s ∥∥ θm+s , ()














(q+s)[(k+s)+N(m–k)] ∈ [, ). Since q < m, we
havem + s – (q + s)θ > . It then follows from () and Young’s inequality that
λ||‖u‖q+sq+s ≤ λ||C(N ,k,q, s)q+s‖u‖(q+s)(–θ)k+s
∥∥∇um+s ∥∥ (q+s)θm+s














(m + s) – ηλ||C(N ,k,q, s)
q+s
]∥∥∇um+s ∥∥ + β‖u‖k+sk+s
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β –C(η)λ||C(N ,k,q, s)q+s‖u‖αk+s
]≤ ,
whereα = (q+s)(–θ)(m+s)m+s–(q+s)θ –(k+s) =
(q–k)(k+s)
(k+s)+N(m–q) ≥ .We can choose η small enough so that




s+ > . Once η is ﬁxed, we can choose β
large enough so that
β –C(η)λ||C(N ,k,q, s)q+s‖u‖αk+s ≥ .





from which the following decay estimates can be obtained:
‖u‖s+ ≤
[‖u‖–ms+ –C( –m)t] –m , t ∈ [,T),
‖u‖s+ = , t ∈ [T, +∞),

















, t ∈ [,T∗ ),
‖u‖s+ = , t ∈ [T∗ , +∞),
where T∗ =
‖u‖–ms+





Remark  One can see from Theorems - that the extinction of nonnegative nontrivial
weak solutions to problem ()-() occurs when  < k ≤ q < .
Remark  Theorems - all require ||, λ, or u to be suﬃciently small or β to be suﬃ-
ciently large.
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